Published by Institute of Physics Publishing for SISSA/ISAS Received: October 31, 2002 Revised: December 30, 2002 Accepted: January 30, 2003

D-branes in PP-waves and massive theories on worldsheet with boundary

Yasuaki Hikida and Satoshi Yamaguchi

Department of Physics, Faculty of Science, University of Tokyo Hongo 7-3-1, Bunkyo-ku, Tokyo 113-0033, Japan E-mail: hikida@hep-th.phys.s.u-tokyo.ac.jp,

yamaguch@hep-th.phys.s.u-tokyo.ac.jp

Abstract: We investigate the supersymmetric D-brane configurations in the pp-wave backgrounds proposed by Maldacena and Maoz. We study the surviving supersymmetry in a D-brane configuration from the worldvolume point of view. When we restrict ourselves to the background with N = (2, 2) supersymmetry and no holomorphic Killing vector term, there are two types of supersymmetric D-branes: A-type and B-type. An A-type brane is wrapped on a special lagrangian submanifold, and the imaginary part of the superpotential should be constant on its worldvolume. On the other hand, a B-type brane is wrapped on a complex submanifold, and the superpotential should be constant on its worldvolume. The results are almost consistent with the worldsheet theory in the lightcone gauge. The inclusion of gauge fields is also discussed and found BPS D-branes with the gauge field excitations. Furthermore, we consider the backgrounds with holomorphic Killing vector terms and N = (1, 1) supersymmetric backgrounds.

Keywords: Superstrings and Heterotic Strings, D-branes, Penrose limit and pp-wave background.

© SISSA/ISAS 2003 http://jhep.sissa.it/archive/papers/jhep012003072 /jhep012003072 .pdf

Contents

1. Introduction 1

2. Superstrings on supersymmetric pp-waves 2 2.1 Supersymmetric solutions of type IIB pp-waves 3 2.2 The string actions in the lightcone gauge 4

3. D-branes in supersymmetric pp-waves 4 3.1 D-brane wrapped on a complex submanifold 5 3.2 D-brane wrapped on a special lagrangian submanifold 7 3.3 Examples 9

4. D-branes in more general cases 10 4.1 Inclusion of gauge field excitations 10 4.2 The background with non-zero (2,2)-form 12 4.3 (1, 1) supersymmetric background 14

5. Conclusion and discussions 15

A. Gamma matrices and useful formulae 17

B. Supersymmetric Landau-Ginzburg models 18 B.1 N = (2, 2) case 18 B.2 N = (1, 1) case 19

1. Introduction

The string theory on a Ramond-Ramond background is an interesting problem since the RNS formalism cannot be applied to the RR background and we should use the Green- Schwarz (GS) formalism. This class of background has received attention also because the most typical background for the AdS/CFT correspondence — AdS_5 × S^5 — includes the RR fields.

The simplest example of RR-background is the maximally supersymmetric IIB plane wave with RR 5-form flux [1]–[3]. The string theory on this background becomes massive free theory in the lightcone gauge, and can be solved [4, 5]. The string theory on this background is claimed to correspond to the subsector of the 4-dimensional N = 4 Yang- Mills theory [6]. Recently, a larger class of supersymmetric pp-wave backgrounds are investigated [7] (see also [8]–[11]). The string theories on these backgrounds are proposed to become supersymmetric Landau-Ginzburg theories in the lightcone gauge.

– 1 –

In this paper, we consider D-branes in these RR backgrounds. We expect that we can understand the GS open strings by studying the D-branes. The D-branes also play an important role in the holography; They are supposed to correspond to the defects in CFT [12]–[17]. The recent works on the D-branes in pp-wave backgrounds are [18]–[39].

In the RNS strings in the conformal gauge, consistent D-branes are expressed as the boundary conditions preserving the superconformal symmetry. Then, what is the condition of consistent D-branes on the GS strings in the lightcone gauge? The boundary conditions preserving the supersymmetry in Landau-Ginzburg theory are known [40]. We try to see whether these boundary conditions correspond to consistent D-branes. We consider the supersymmetric D-brane configurations from the viewpoint of the worldvolume theory, then we compare them to the worldsheet theories with supersymmetric boundary conditions.

We first consider the N = (2, 2) supersymmetric case^1 without holomorphic Killing vector term. The kappa symmetry projection on worldvolume theory is used to examine the supersymmetry and the following results are obtained. The supersymmetric D-branes are classified into the two types according to the preserved supersymmetry: A-type and B-type. An A-type D-brane should be wrapped on a special lagrangian submanifold and the imaginary part of the superpotential should be constant on the D-brane worldvolume. On the other hand, a B-type D-brane should be wrapped on a complex submanifold and the superpotential should be constant on the D-brane worldvolume. These results can be reproduced by the N = (2, 2) supersymmetric Landau-Ginzburg theory with the boundary conditions preserving worldsheet supersymmetry. One exception is that the A-branes are wrapped on lagrangian (not necessarily special lagrangian) submanifolds in this case.

Then we consider more general D-brane configurations. Since the D-brane equation of motion may suggest the inclusion of the gauge fields, we consider the D-branes with the gauge field excitation. The D-branes in the background with holomorphic Killing vector term and N = (1, 1) supersymmetric background are also investigated.

The organisation of this paper is as follows: in section 2, we review the supersymmetric pp-wave backgrounds constructed in [7]. We explain the supergravity backgrounds and the lightcone worldsheet theory on these backgrounds. In section 3, we consider the BPS D-branes on these backgrounds. We give the conditions to preserve the supersymmetry by making use of the kappa symmetry projection on the D-brane worldvolume. Then we compare them to the results from the analysis of the string worldsheet in the lightcone gauge. In section 4, we study the D-branes in more general cases by using the similar methods. Section 5 is devoted to summary and discussion.

2. Superstrings on supersymmetric pp-waves

In this section, we construct some supersymmetric supergravity solutions of pp-wave type and investigate the superstrings on these backgrounds in the lightcone gauge. In the next subsection the supersymmetries on the pp-wave backgrounds are examined and the worldsheet actions after taking the lightcone gauge are proposed in subsection 2.2.

1In this paper, we express the type of supersymmetry in terms of two dimensional worldsheet theory.

– 2 –

2.1 Supersymmetric solutions of type IIB pp-waves We consider the supersymmetric supergravity solutions of pp-wave type constructed in [7]. They are type IIB supergravity solutions with the following type of metric and non-trivial 5-form field strength F_5 as

ds^2 = −2dx^+dx^− + H(x^i)(dx^+)^2 + ds^2_8 , F_5 = dx^+ ∧ φ_4(x^i) , (2.1)

where x^± and x^i are 2 longitudinal and 8 transverse coordinates, respectively. The transverse space is assumed to be flat in order to make the analysis simpler. In this case, it is convenient to introduce the complex coordinates as z^j = (1/ √ 2)(x^j +ix^{j+4}), (j = 1, 2, 3, 4) and the flat Käler metric g_{ij̄} = diag(1, 1, 1, 1). Since the RR 5-form F_5 is self-dual, the 4-form φ_4 has to be anti-self dual in transverse 8-dimensions. The anti-self dual 4-form can be classified into two types. They are (1,3) forms (and (3,1) forms) and (2,2) forms, which are denoted as

φ_{mn} := 1 3! φ_{mīj̄}¯_kε^{īj̄k̄n̄}g_{nn̄} , φ_{lm̄} := 1 2 g^{ss̄}φ_{lm̄ss̄} , (2.2) for the convenience. The supersymmetries are generated by the Killing spinors

ϵ = ϵ_+ + ϵ_− , ϵ_+ := − 1 2 Γ_+Γ_−ϵ , ϵ_− := − 1 2 Γ_−Γ_+ϵ , (2.3)

which consist of 16 complex components. The supersymmetries which are linearly realized after taking the lightcone gauge are related to ϵ_+, therefore we will concentrate on these components.

The requirement of supersymmetry restricts the possible geometry. If we require the (2,2) type of supersymmetry, the allowed geometry is given by the metric and 4-forms^2

ds^2 = −2dx^+dx^− − 32(|∂_kW |^2 + |φ_j¯_kz^j |^2)(dx^+)^2 + 2g_{iī}dz^idz̄^ī , φ_{mn} = i∂_m∂_nW , φ_{m̄n̄} = −i∂_{m̄}∂_{n̄}W̄ , φ_{lm̄} = (constant) , (2.4)

which are parametrised by a holomorphic function W and a 4 × 4 hermitean traceless constant matrix φ_j¯_k. The Killing spinors are given by ϵ_+ = α|0⟩ + ζ|~0⟩ , ϵ_− = 2Γ_−[ζ∂¯_kW̄ − iαφ_j¯_kz^j ]Γ^{k̄}|0⟩ + 2Γ_−[−α∂_kW − iζφ_{kj̄}z̄^{j̄}]Γ^k|~0⟩ , (2.5)

where α and ζ are constant parameters. The notation of Gamma matrices and the definition of vacua are summarised in appendix A.

Furthermore, there are solutions which preserve (1,1) type of supersymmetry. The metric and the 4-form are given by

ds^2 = −2dx^+dx^− − 32(|∂_k U|^2)(dx^+)^2 + 2g_{iī}dz^idz̄^ī , φ_{mn} = ∂_m∂_nU , φ_{m̄n̄} = ∂_{m̄}∂_{n̄}U , φ_{lm̄} = ∂_l∂_{m̄}U , (2.6)

2We use the holomorphic function W different form the one used in [7] by the factor i.

– 3 – where U is a real harmonic function. The Killing spinors can be written as ϵ_+ = −ζ|0⟩ + ζ|~0⟩ , ϵ_− = 2iΓ_−ζ∂¯_kUΓ^{k̄}|0⟩ − 2iΓ_−ζ∂_kUΓ^k|~0⟩ . (2.7)

2.2 The string actions in the lightcone gauge

The linearly realized supersymmetry on the worldsheet in the lightcone gauge x^+ = τ is related to the spinor ϵ_+, as we mentioned above. For the (2,2) supersymmetric solutions, the action is given by S = 1 4πα^′ ∫ dτ ∫_{2πα}′_{|p−|} 0 dσ [L_K + L_W + L_V ] ,

L_K = ∫ d^4θg_{ij̄}Φ^iΦ̄^{j̄} , L_W = 1 2 (∫ d^2θW (Φ) + (c.c.) ) , L_V = −|m|^2g_{ij̄}V^iV^{j̄} − i 2 (g_{iī}∂_j V^i − g_{jj̄}∂_īV^{j̄})(mψ̄^ī_−ψ^j_+ + m̄ψ̄^ī_+ψ^j_−) , (2.8)

where the chiral superfield Φ^i is expanded as

Φ^i = z^i + √ 2θ^+ψ^i_+ + √ 2θ^−ψ^i_− + 2θ^+θ^−F^i + · · · , (2.9)

and the vector V is related to φ_{ij̄} as

V_i = iφ_{ij̄}z̄^{j̄} , V_{j̄} = −iφ_{ij̄}z^i . (2.10)

The indices are raised and lowered by g^{ij̄} and g_{ij̄}, respectively. Our convention of Landau- Ginzburg models are summarised in appendix B.1. The D-branes in the case with V^i = 0 are considered in the next section and the backgrounds with V^i ≠ 0 are treated in subsection 4.2.

The N = (1, 1) supersymmetric action is of the form S = 1 2πα^′ ∫ dτ ∫_{2πα}′_{|p−|} 0 dσ ∫ d^2θ ( 1 2 D_+Φ^I D_−Φ^I + iU(Φ) ) , (2.11)

where the N = 1 superfield Φ^I and supercovariant derivative D_± are defined as

Φ^I = x^I + θ^+ψ^I_+ + θ^−ψ^I_− + θ^+θ^−F^I , D_± = ∂ ∂θ^± + iθ^±∂_± . (2.12)

For the superstrings on pp-waves, we have to restrict the superpotential to be harmonic. Our convention for the N = (1, 1) Landau-Ginzburg models is summarised in appendix B.2. We consider the D-branes in N = (1, 1) backgrounds in subsection 4.3.

3. D-branes in supersymmetric pp-waves

In this section we consider D-branes in the supersymmetric pp-waves analysed in the previous section. In the thin brane approximation, it is effective to use the worldvolume approach. The action on the (p + 1) dimensional worldvolume can be given by the sum of

– 4 – the DBI and WZ actions as I_p = −T_p ∫ M d^{p+1}ξe^{−ϕ} √ − det(G_{ab} + F_{ab}) + T_p ∫ M e^F ∧ C , (3.1)

where T_p is the Dp-brane tension expressed as T_p = (2π)^{−p}(α^′)^{−(p+1)/2}g^{−1}_s . We use ξ^a (a = 0, . . . , p + 1) as the coordinate of the worldvolume and G_{ab} as the induced metric. We also define F = 2πα^′F − B, where F is the field strength on the worldvolume and B is the pullback of the NSNS 2-form. The pullback of the RR gauge potentials is represented as C = ⊕_nC_n. For a while, we set F = 0 and include this flux in subsection 4.1.

We are interested in the supersymmetric D-branes, since they are expected to be stable. In the supersymmetric D-brane configuration, we can define the kappa symmetry projection as [41]–[46]

Γd^{p+1}ξ = −e^{−ϕ}L^{−1}_{DBI} e^F ∧ X|_{vol} , X = ⊕_nΓ_{(2n)}K^nI , (3.2)

which satisfy (Γ)^2 = 1. The actions of K and I to the spinors are given by Kψ = ψ^∗ and Iψ = −iψ, respectively and the Gamma matrices are defined by

Γ_{(n)} = 1 n! dξ^{an} ∧ · · · ∧ dξ^{a1} ∂_{a1} x^{m1} · · · ∂_{an} x^{mn} Γ_{m1···mn} . (3.3) The supersymmetries in the D-brane configuration are related to the Killing spinors which satisfy Γϵ = ϵ , (3.4)

therefore the task we have to do is to look for the configuration where the non-trivial Killing spinors satisfy (3.4).

In this section we only consider the D-branes in the (2,2) supersymmetric solutions only with non-zero superpotential W as

ds^2 = −2dx^+dx^− − 32|∂_kW |^2(dx^+)^2 + dz^idz̄^ī , φ_{mn} = i∂_m∂_nW , φ_{m̄n̄} = −i∂_{m̄}∂_{n̄}W̄ . (3.5)

In the next section we will extend to the D-branes in more general configurations.

3.1 D-brane wrapped on a complex submanifold

We construct the D-branes tangent to the x^± directions in order to compare with the open string actions in the lightcone gauge. Therefore the simplest D-brane is the D1-brane with ξ^± = x^±, where ξ^± = (1/ √ 2)(ξ^0 ±ξ^1). For this D-brane configuration, the kappa symmetry projection (3.2) can be written as

Γ = −iΓ_{+−}K . (3.6)

By using the expression of the Killing spinors (2.5), we find Γϵ_+ = iα^∗|~0⟩ + iζ^∗|0⟩ , Γϵ_− = −2iζ^∗Γ_−∂_kW Γ^k|~0⟩ + 2iα^∗Γ_−∂¯_kW̄ Γ^{k̄}|0⟩ . (3.7)

– 5 –

Since the Killing spinors with

iζ^∗ = α , (3.8)

satisfy (3.4) (Γϵ = ϵ), we can conclude that this D1-brane is supersymmetric.

Let us turn to the D3-brane case. The kappa symmetry projection can be defined as

Γ̂ = Γdξ^2dξ^3 = −i√ − det G dZ^AdZ^BΓ_{+−}Γ_{AB} , (3.9)

where we use Z^A (A = 1, 2, 3, 4, ¯1, ¯2, ¯3, ¯4) with Z^i = z^i, Z^ī = z̄^ī. Then we find

Γ̂ϵ_+ = −i √ − det G (αdz^idz̄^īg_{iī}|0⟩ − αdz^idz^j Γ_iΓ_j|0⟩ − ζdz^idz̄^īg_{iī}|~0⟩ − ζdz̄^īdz̄^{j̄}Γ_īΓ_{j̄}|~0⟩) = (α|0⟩ + ζ|~0⟩)dξ^2dξ^3 . (3.10)

Thus we can see that the D3-brane is supersymmetric if

α = 0 , ω = √ − det Gdξ^2dξ^3 , (3.11)

where we use the Kähler form ω = ig_{ij̄}dz^idz̄^{j̄}. In the second condition, left-hand side is the pullback of the Kähler form, and the right-hand side is the volume form of the D-brane world volume. In other words, the supersymmetric D3-brane should be wrapped on a complex submanifold.

From the above lessen, we use the holomorphic embedding z^i(w) and z̄^ī(w̄) with w = (1/ √ 2)(ξ^2 + iξ^3) and w̄ = (1/ √ 2)(ξ^2 − iξ^3). In this case, the kappa symmetry projection is given by Γ := −

∂_wz^i∂_{w̄}z̄^ī |∂_wz|^2 Γ_{+−}Γ_{iī} , (3.12)

and then we obtain Γϵ_+ = −α|0⟩ + ζ|~0⟩ , Γϵ_− = 2ζΓ_−∂¯_kW̄ Γ^{k̄}|0⟩ + 2αΓ_−∂_kW Γ^k|~0⟩ − 4ζ |∂_wz|^2 Γ_−(∂_{w̄}z̄^{k̄}∂¯_kW̄ )(∂_wz^iΓ_i)|0⟩ − − 4α |∂_wz|^2 Γ_−(∂_wz^k∂_kW )(∂_{w̄}z^īΓ_ī)|~0⟩ . (3.13)

Therefore we have non-trivial Killing spinors which satisfy Γϵ = ϵ (3.4) when

α = 0 , ∂_wz^k∂_kW = 0 , (3.14)

and in this case the D3-brane becomes supersymmetric.

The higher dimensional D-branes can be analysed in the similar way and we can see that the D-brane should be wrapped on a complex submanifold.^3 Therefore we embed the D(2n + 1)-brane (n = 2, 3, 4) in the holomorphic way as z^i(w_1, . . . , w_n) and z̄^ī(w̄_1 · · · w̄_n)

3There are the other kind of supersymmetric D-branes in the case of D5-branes and we investigate them in the next subsection.

– 6 – with w^a = (1/ √ 2)(ξ^{2a} + iξ^{2a+1}) and w̄^ā = (1/ √ 2)(ξ^{2a} − iξ^{2a+1}). We also denote the determinant of the induced metric as

h := det [ ∂z^i ∂ξ^a ∂z̄^{j̄} ∂ξ^b g_{ij̄} + (a ↔ b) ] = | |det [ ∂z^i ∂w^p ∂z̄^{j̄} ∂w̄^{q̄} g_{ij̄} ]| |^2 , (3.15)

where we use a, b = 2, . . . , 2n + 1, p = 1, . . . , n and q̄ = ¯1, . . . , n̄. In these cases, the kappa symmetry projections (3.2) are given by

Γ = ih^{−1/2}∂_{w1} z^i∂_{w̄1}z̄^ī∂_{w2} z^j ∂_{w̄2}z̄^{j̄}Γ_{+−}Γ_{iījj̄}K (D5) , Γ = h^{−1/2}∂_{w1} z^i∂_{w̄1}z̄^ī∂_{w2} z^j ∂_{w̄2}z̄^{j̄}∂_{w3} z^k∂_{w̄3}z̄^{k̄}Γ_{+−}Γ_{iījj̄k}¯_k (D7) , Γ = −ih^{−1/2}∂_{w1} z^i∂_{w̄1}z̄^ī∂_{w2} z^j ∂_{w̄2}z̄^{j̄}∂_{w3} z^k∂_{w̄3}z̄^{k̄}∂_{w4} z^ℓ∂_{w̄4}z̄^{ℓ̄}Γ_{+−}Γ_{iījj̄k}¯_{kℓ}¯_ℓK (D9) ,(3.16)

and the conditions that the Killing spinors satisfying (3.4) (Γϵ = ϵ) exist are

−iζ^∗ = α , ∂_{w1} z^k∂_kW = ∂_{w2} z^k∂_kW = 0 (D5) ,

ζ = 0 , ∂_{w1} z^k∂_kW = ∂_{w2} z^k∂_kW = ∂_{w3} z^k∂_kW = 0 (D7) , iζ^∗ = α , ∂_{w1} z^k∂_kW = ∂_{w2} z^k∂_kW = ∂_{w3} z^k∂_kW = ∂_{w4} z^k∂_kW = 0 (D9) . (3.17)

In summary, we have shown that the D-branes are supersymmetric if they are wrapped on complex submanifolds and satisfy

∂_aW = 0 , ∂_aW̄ = 0 , η_+ = e^{iθ}η_− , (3.18)

where a represents the tangent direction of the branes and the phase e^{iθ} is determined for Dp-brane as e^{iθ} = (−i)^{(p−1)/2}. Here we also define as

η_+ := α + ζ^∗ , η_− := −iα + iζ^∗ , η̄_± = (η_±)^∗ . (3.19)

The corresponding string worldsheet in the lightcone gauge is given by (2.8) replaced by the closed worldsheet with the open worldsheet (R × [0, πα^′|p_−|]). Supersymmetric boundary condition on this worldsheet was investigated in [40] and our results (3.18) correspond to the conditions for the B-branes. From this reason, we also call the D-branes constructed in this subsection as B-type D-branes.

3.2 D-brane wrapped on a special lagrangian submanifold

For the D5-brane, we can construct non-holomorphic type of supersymmetric D-brane, which preserves the supersymmetry of the type different from (3.18). We use the coordinate of the worldvolume as (ξ^+, ξ^−, ξ^2, . . . , ξ^5) and the coordinate of the spacetime transverse space as Z^A (A = 1, 2, 3, 4, ¯1, ¯2, ¯3, ¯4) with Z^i = z^i, Z^ī = z̄^ī. Moreover, we use the Kähler form as ω = ig_{ij̄}dz^idz̄^{j̄} and the holomorphic 4-form as Ω = 4dz^1dz^2dz^3dz^4, which satisfy 2^4ω^4 = 4!ΩΩ̄.

For the kappa symmetry projection (3.2), it is convenient to use

Γ̂ := Γdξ^2dξ^3dξ^4dξ^5 = −i√ h 1 4! dZ^AdZ^BdZ^C dZ^DΓ_{+−ABCD}K , (3.20)

– 7 – where h is the determinant of the induced metric defined as

h := det [ ∂z^i ∂ξ^a ∂z̄^{j̄} ∂ξ^b g_{ij̄} + (a ↔ b) ] , a, b = 2, 3, 4, 5 , (3.21)

and the differential forms are considered to be pulled back to the D-brane worldvolume.

In this notation, the actions to the ϵ_+ Killing spinors are given by

Γ̂ϵ_+ = i√ h ( 4α^∗dz̄^{¯1}dz̄^{¯2}dz̄^{¯3}dz̄^{¯4}|0⟩ + 4ζ^∗dz^1dz^2dz^3dz^4|~0⟩ + 1 3 α^∗dz^idz̄^{j̄}dz̄^{k̄}dz̄^{ℓ̄}g_{ij̄}Γ¯_k¯_ℓ|~0⟩ + + 1 3 ζ^∗dz̄^īdz^j dz^kdz^ℓg_{īj}Γ_{kℓ}|0⟩ − 1 2 α^∗dz^idz^j dz̄^{k̄}dz̄^{ℓ̄}g_i¯_kg_j¯_ℓ|~0⟩ − − 1 2 ζ^∗dz̄^īdz̄^{j̄}dz^kdz^ℓg_{īk}g_{j̄ℓ}|0⟩ )

= i √ h ( α^∗Ω̄|0⟩ + ζ^∗Ω|~0⟩ + α^∗ 3i ωdz̄^{k̄}dz̄^{ℓ̄}Γ¯_k¯_ℓ|~0⟩ − ζ^∗ 3i ωdz^kdz^ℓΓ_{kℓ}|0⟩ − α^∗ 2 ω^2|~0⟩ −

− ζ^∗ 2 ω^2|0⟩ ) . (3.22)

Here we are looking for the Killing spinors different from (3.18), say^4

η_+ = η̄_− or iα^∗ = α , iζ^∗ = ζ . (3.23)

By assigning this condition, we obtain the constraints

ω = 0 , Ω = √ h dξ^2dξ^3dξ^4dξ^5 (3.24)

on the D-brane worldvolume. Therefore the D-brane should be wrapped on a special lagrangian submanifold γ, which is defined by

ω|_γ = 0 , Im Ω|_γ = 0 . (3.25)

The actions to the ϵ_− part of the Killing spinors are similarly obtained as

Γ̂2ζΓ_−∂_{m̄}W̄ Γ^{m̄}|0⟩ = −2iζ^∗√ h Γ_−∂_mW × × ( 1 3 dz^idz̄^{j̄}dz̄^{k̄}dz̄^{ℓ̄}g_{ij̄}g^{mm̄}Γ^{n̄}ε_{n̄m̄}¯_k¯_ℓ|0⟩ − 2 3 dz^idz̄^{j̄}dz̄^{k̄}dz̄^{ℓ̄}δ^m_i Γ^{n̄}ε_{n̄j̄}¯_k¯_ℓ|0⟩ −

− 1 2 dz^idz^j dz̄^{k̄}dz̄^{ℓ̄}g_i¯_kg_j¯_ℓΓ^m|~0⟩ − 2dz^idz^j dz̄^{k̄}dz̄^{ℓ̄}δ^m_i g_j¯_kΓ¯_ℓ|~0⟩ ) .(3.26)

The other parts are obtained by the complex conjugation and exchanging α and ζ of the above equation. By taking account of ω = 0 and Im Ω = 0, the condition of iζ^∗ = ζ leads to 4 3 1 √ h ∂_mW dz^mdz̄^{j̄}dz̄^{k̄}dz̄^{ℓ̄}ε_{m̄j̄}¯_k¯_ℓ = 2∂_{m̄}W̄ dξ^2dξ^3dξ^4dξ^5 , (3.27)

4The phase factor can be set to one by redefining the complex coordinates.

– 8 – hence 1 3! dW dz̄^{j̄}dz̄^{k̄}dz̄^{ℓ̄}ε_{m̄j̄}¯_k¯_ℓ = ∂_{m̄}W̄ dz̄^1dz̄^2dz̄^3dz̄^4 , (3.28)

and this condition is equivalent to dW = dW̄ . (3.29) This type of D-brane corresponds to the A-brane in the terms of [40] when we consider the open string worldsheet in the lightcone gauge, thus we also call this brane as A-brane. The condition (3.29) can be reproduced by the analysis of [40], however the condition (3.25) is slightly different. Our Killing spinor analysis has shown that the supersymmetric D-brane of this type should be wrapped on a special lagrangian submanifold, on the other hand, the analysis of [40] gives only the requirement that the A-brane should be wrapped on a lagrangian (not necessarily special lagrangian) submanifold (ω = 0). Some comments on this point are given in section 5.

3.3 Examples In this subsection, we show some examples of the supersymmetric D-brane configurations considered in the above subsections. In particular, we consider the maximally supersymmetric case W = −i ∑ j(z^j )^2 and compare it to the known results.

First, let us comment on D9-branes. Since the superpotential should be constant on the supersymmetric D-brane worldvolume, D9-brane cannot be supersymmetric for the nontrivial superpotential W .

Secondly, let us go to D7-branes. For a nontrivial superpotential W (z), the B-type D7-brane worldvolume should be identical to a hyper surface iW (z) = c, (c : constant). For example, in the maximally supersymmetric case (W = −i ∑ j(z^j )^2), the D7-brane is expressed as (z^1)^2 + (z^2)^2 + (z^3)^2 + (z^4)^2 = c . (3.30) This surface has the same topology and complex structure as a (deformed) conifold. Note that the flat D7-brane expressed as (+, −, 4, 2) in [24] is not a B-type brane in our terms. The (+, −, 4, 2) brane does not preserve the supersymmetry expressed by the Killing spinor of the type (2.5). In the maximally supersymmetric plane wave case, there are many Killing spinors besides ones expressed as eq. (2.5). The (+, −, 4, 2) brane preserves nontrivial linear combinations of these extra Killing spinors and ones of (2.5).

Thirdly, we consider the B-type D5-branes and D3-branes. These branes can take the various shapes. For the maximally supersymmetric case, there is a flat D5-brane expressed as z_1 = iz_2 , z_3 = iz_4 , (3.31) and a flat D3-brane expressed as

z_1 = iz_2 , z_3 = a , z_4 = b , (a, b : constants) . (3.32)

Note that these branes are not the ones classified in [24]. These branes are extended to oblique directions and cannot be expressed as (+, −, m, n). The (+, −, 3, 1) and (+, −, 2, 0) branes are not B-type D-branes in our terms, for the same reason as the (+, −, 4, 2) D7- brane.

– 9 –

Fourthly, let us turn to D1-branes. For the maximally supersymmetric case, this brane is the same as (+, −, 0, 0) in [24].

Finally, we comment on the A-type D5-branes. A typical example of special lagrangian submanifold is the worldvolume of (+, −, 4, 0) brane in [24]. As discussed in [24], this brane is not a solution of the equation of motion without worldvolume gauge field excitation. Moreover, this brane does not satisfy the condition of superpotential (Im W = constant) obtained in this section. We will discuss the gauge field and equation of motion in subsection 4.1. If we include the gauge field, the condition of superpotential is modified. As a result, the (+, −, 4, 0) brane with appropriate gauge field excitation is an A-type D-brane in our terms.

4. D-branes in more general cases

4.1 Inclusion of gauge field excitations

In the previous section, we have considered the D-brane configurations without gauge fields. Here we include the gauge fields of the type F = ∑ a F_{+a}dξ^+ ∧ dξ^a , F_{+a} = ∂_aA_+(ξ) , (a = 1, . . . , p − 1) . (4.1)

In this case, the equation of motion of x^I is given in [24]. Let us define M_a′_b′ = ∂_a′ x^I ∂_b′ x^J g_{IJ} + 2πα^′F_a′_b′ , (a^′, b^′, c^′ = ±, 1, . . . , p − 1) , M^{a′b′} M_b′_c′ = δ^{a′}_c′ , G^{a′b′} = M^{(a′b′)} , θ^{a′b′} = M^{[a′b′]} , (4.2) then the equation of motion can be written as ∂_a′ ( √ −MG^{a′b′} ∂_b′ x^I ) = 0 . (4.3)

This equation does not give more constraints to the coordinates of the D-brane wrapped on a complex submanifold or a special lagrangian submanifold.

On the other hand, the equation of motion of the gauge field A^i may give some constraints. For a B-type brane, it is given as ∂_a′ ( √ −Mθ^{a′b′} ) = 0 , (4.4)

hence we can see that the configuration without gauge field excitation satisfies the equation of motion as well as the one with some solutions F_{+i}. However, for D-branes wrapped on special lagrangian submanifolds, we find ∂_a′ ( √ −Mθ^{a′−}) = 1 4! ϵ^{−+ijkl}F_{+ijkl} , ∂_a′ ( √ −Mθ^{a′a}) = 0 , (4.5)

because there may be contributions from the WZ action in this case. If the condition Im W =(constant) is satisfied, the right-hand side of the first equation vanishes. On the other hand, even if Im W =(constant) is not satisfied, we may obtain a BPS D-brane by introducing the gauge field F .

– 10 –

First, let us examine the B-type D3-brane. The other dimensional B-branes can be analysed in a similar way. In this case, the kappa symmetry projection (3.2) is given by

Γ = Γ_{(1)} + Γ_{(2)} , (4.6)

where Γ_{(1)} is the previous one (3.12) and Γ_{(2)} is the term added additionally as

Γ_{(2)} =

∂_{w̄}z̄^ī |∂_wz|^2 F_{+w}Γ_−Γ_īK − ∂_wz^i |∂_wz|^2 F_{+w̄}Γ_−Γ_iK . (4.7)

The action of Γ_{(1)} to the Killing spinor is the same as before and the one of Γ_{(2)} is given as

Γ_{(2)}ϵ = α^∗

∂_{w̄}z̄^ī |∂_wz|^2 F_{+w}Γ_−Γ_ī|0⟩ − ζ^∗ ∂_wz^i |∂_wz|^2 F_{+w̄}Γ_−Γ_i|~0⟩ . (4.8)

By adding to the action of Γ_{(1)} (3.13), we can see that the conditions (3.14) are replaced by^5 α = 0 , ζ = iζ^∗ , ∂_wz^k∂_kW + i 4 F_{+w} = 0 . (4.9)

Therefore, if we include the non-trivial gauge fields, we can only construct the B-type D-branes which preserve at most 1/4 supersymmetry.

Next, let us consider the A-type D5-brane. Including non-trivial field strength F_{+a}, the kappa symmetry projection (3.2) becomes Γ̂ = Γ̂_{(1)} + Γ̂_{(2)} with the additional term Γ_{(2)} as Γ̂_{(2)} = i√ h F_{+a}dξ^a 1 3! dZ^AdZ^B dZ^C Γ_−Γ_{ABC} . (4.10)

Here we should notice that the condition (3.4) can be separated as

Γ̂_{(1)}ϵ_+ = ϵ_+d^4ξ , Γ̂_{(1)}ϵ_− + Γ̂_{(2)}ϵ_+ = ϵ_−d^4ξ . (4.11)

The first equation implies that the supersymmetric A-brane must be wrapped on a special lagrangian submanifold. Using ω|_γ = 0, we find

Γ̂_{(2)}ϵ_+ = −2iα√ h F_{+a}dξ^a 1 3! ϵ_{jklm}dz^j dz^kdz^lΓ_−Γ^m|~0⟩ + −2iζ √ h F_{+a}dξ^a 1 3! ϵ_{j̄}¯_k¯_{ℓm̄}dz^{j̄}dz^{k̄}dz^{ℓ̄}Γ_−Γ^{m̄}|0⟩ . (4.12) This equation and (3.26) imply 1 3! ( dW + i 4 F_{+a}dξ^a ) dz̄^{j̄}dz̄^{k̄}dz̄^{ℓ̄}ε_{m̄j̄}¯_k¯_ℓ = ∂_{m̄}W̄ dz̄^1dz̄^2dz̄^3dz̄^4 , (4.13)

where we use iζ^∗ = ζ. Thus the A-type D5-brane preserves supersymmetry if the superpotential satisfy ∂_a(W − W̄ ) + i 4 F_{+a} = 0 , (4.14)

for the tangent direction a of the brane.

5We can use ζ = ie^{2iβ} ζ^∗ for the parameter of the Killing spinor. In that case, the condition of the superpotential is slightly modified by the phase factor.

– 11 –

The above Killing spinor results can be reproduced by analysing the open string worldsheet in the lightcone gauge. The inclusion of the gauge fields corresponds to the addition of the following boundary potential;

S_B = 1 2 ∫ ∂Σ dτY (z^i, z̄^ī) . (4.15)

This action is invariant under the transformation δ_B z^i = 0 and δ_B ψ^i_B = κf^i(z, z̄), where κ is a spinor and ψ^i_B is the fermionic coordinate at the boundary. The supersymmetry transformation at the boundary can be modified by this transformation. By taking the variation of the action by this transformation, we obtain the boundary conditions of the fields.

For the A-type boundary condition η_+ = η̄_−, what we have to do is only replacing ∂_mW with ∂_mW + 2i∂_mY , then the boundary condition for superpotential is modified as [47] ∂_a(W − W̄ ) + 2i∂_aY = 0 , (4.16)

which is the same as (4.14). For the B-type boundary condition η_+ = η_−, we can only preserve 1/4 supersymmetry if we include non-zero gauge fields. In this case, we have to replace ∂_mW with ∂_mW + 2i∂_mY , where we assign η_+ = η̄_+. Therefore the boundary conditions becomes ∂_aW + 2i∂_aY = 0 , (4.17)

which corresponds to the Killing spinor results (4.9).

4.2 The background with non-zero (2,2)-form

Let us consider the background with non-zero (2, 2)-form φ_{mn̄}. In this case, we introduce a harmonic function U = φ_{mn̄}z^mz̄^{n̄}, and write the Killing spinor as

ϵ_+ = α|0⟩ + ζ|~0⟩ , ϵ_− = β_{m̄}Γ_−Γ^{m̄}|0⟩ + δ_mΓ_−Γ^m|~0⟩ , β_{m̄} := 2∂_{m̄}(−iαU + ζW̄ ) , δ_m := 2∂_m(−iζU − αW ) . (4.18)

In the analysis of the kappa symmetry projection, Γϵ_+ is the same as the previous section, and the conditions obtained from Γϵ_+ = ϵ_+ should hold also in this case. We see below the additional conditions derived from Γϵ_− = ϵ_−.

For a D0-brane, Γϵ_− becomes

Γ = −iΓ_{+−}K , Γϵ_− = −iβ_mΓ_−Γ^m|~0⟩ − iδ_{m̄}Γ_−Γ^{m̄}|0⟩ , (4.19)

where we introduce

β_m := (β_{m̄})^∗ = 2∂_m(iα^∗U + ζ^∗W ) , δ_{m̄} := (δ_m)^∗ = 2∂_{m̄}(iζ^∗U − α^∗W̄ ) . (4.20)

As a result, Γϵ_− = ϵ_− implies iζ^∗ = α . (4.21)

There is no additional condition for a D0-brane.

– 12 –

In contrast, for a B-type D3-brane, Γϵ_− = ϵ_− reads β¯_k = 0. From Γϵ_− = ϵ_− we obtain α = 0. Consequently, the kappa symmetry projection implies ∂¯_kU = 0, and there is no B-type D3-brane for non-zero φ_{mn̄}.

Let us turn to the B-type D5-brane. In this case, Γϵ = ϵ reads

ζ^∗ = iα , ∂_wa z^kβ_k = 0 , ∂_{w̄}az̄^{k̄}δ¯_k = 0 , (a = 1, 2) . (4.22)

Therefore, for the supersymmetric B-type D5-brane, U must be a constant on the D5-brane worldvolume, in addition to the condition W must be a constant.

As a same manner, we analyse B-type D7-branes and D9-branes. For a non-zero φ_{mn̄}, B-type D7-branes do not exist for the same reason as D3-branes. On the other hand, D9-branes also do not exist since U cannot be constant on the D9-brane worldvolume for a non-zero φ_{mn̄}.

Finally, we examine the A-type D5-brane. We obtained from the kappa symmetry analysis the following conditions on superpotential W and real harmonic function U as

dW = dW̄ , ∂_mUdz^m + ∂_{m̄}Udz̄^{m̄} = 0 , (4.23)

where the differential forms are pulled back to the worldvolume. The second condition shows that U must be constant on the D-brane worldvolume.

Now, let us turn to the worldsheet analysis of the Landau-Ginzburg models. The variation of the action (2.8) becomes (see eq.(B.13))

δS = ∫ ∂Σ dτ { 1 2 g_{ij̄} [ − η_+∂_+z̄^{j̄}ψ^i_− − η_−∂_−z̄^{j̄}ψ^i_+ + η̄_+∂_+z^iψ̄^{j̄}_− + η̄_−∂_−z^iψ̄^{j̄}_+ ] − − i 4 [ − η_+∂_īW̄ ψ̄^ī_+ + η_−∂_īW̄ ψ̄^ī_− − η̄_+∂_iW ψ^i_+ + η̄_−∂_iW ψ^i_− ] − − 1 2 [ − η_+mV_iψ^i_+ − η_−m̄V_iψ^i_− + η̄_+m̄V_{j̄}ψ̄^{j̄}_+ + η̄_−mV_{j̄}ψ̄^{j̄}_− ] } . (4.24)

First, we consider the B-type supersymmetry η_+ = −η_−. In this case, eq.(4.24) becomes δS = ∫ ∂Σ dτ { 1 2 g_{ij̄} [ − η_+(∂_τ z̄^{j̄}{ψ^i_− − ψ^i_+} + ∂_σz̄^{j̄}{ψ^i_− + ψ^i_+}) + η̄_+(∂_τ z^i{ψ̄^{j̄}_− − ψ̄^{j̄}_+} +

+ ∂_σz^i{ψ̄^{j̄}_− + ψ̄^{j̄}_+}) ] − i 4 [ − η_+∂_īW̄ (ψ̄^ī_+ + ψ̄^ī_−) − η̄_+∂_iW (ψ^i_+ + ψ^i_−) ] − − 1 2 [ − η_+(mV_iψ^i_+ − m̄V_iψ^i_−) + η̄_+(mV_īψ̄^ī_+ − m̄V_īψ̄^ī_−) ]} . (4.25)

If we assume m = −m̄, the result is the same as the Killing spinor analysis. In this case, for a Neumann direction I, we have to set ψ^I_+ = ψ^I_−, and also ∂_I W = V_I = 0. For a Dirichlet direction, ψ^I_+ = −ψ^I_− has to be satisfied, and there is no more condition on W and V . As a result, for the B-type D-brane, W and U should be constant on the D-brane worldvolume.

– 13 –

Next, we consider the A-type boundary condition. If we set η_+ = η̄_−, the variation (4.24) becomes

δS = ∫ ∂Σ dτ { 1 2 g_{ij̄}η_1 [ −∂_0z̄^{j̄}(ψ^i_− +ψ^i_+)+∂_0z^i(ψ̄^{j̄}_− +ψ̄^{j̄}_+)−∂_1z̄^{j̄}(ψ^i_− −ψ^i_+)+∂_1z^i(ψ̄^{j̄}_− −ψ̄^{j̄}_+) ] + + 1 2 g_{ij̄}iη_2 [ − ∂_0z̄^{j̄}(ψ^i_− − ψ^i_+) − ∂_0z^i(ψ̄^{j̄}_− − ψ̄^{j̄}_+) − ∂_1z̄^{j̄}(ψ^i_− + ψ^i_+) −

− ∂_1z^i(ψ̄^{j̄}_− + ψ̄^{j̄}_+) ] − i 4 η_1 [ ∂_īW̄ (ψ̄^ī_− − ψ̄^ī_+) + ∂_iW (ψ^i_− − ψ^i_+) ] + + 1 4 η_2 [ − ∂_īW̄ (ψ̄^ī_− + ψ̄^ī_+) + ∂_iW (ψ^i_− + ψ^i_+) ] − − 1 2 η_1m [ V_i(ψ^i_− − ψ^i_+) + V_ī(ψ̄^ī_− − ψ̄^ī_+) ] + + i 2 η_2m [ V_i(ψ^i_− + ψ^i_+) − V_ī(ψ̄^ī_− + ψ̄^ī_+) ]} , (4.26)

where we use η_+ = η_1 + iη_2, (η_1, η_2 : real) and assume m = −m̄. If we take it into account that both i∂_0z^i and ∂_1z^i are the holomorphic components of normal vectors of the D-brane worldvolume, we can read from the first and second line, that both u^i = η(ψ^i_− − ψ^i_+) and v^i = iη(ψ^i_− + ψ^i_+) are the holomorphic components of tangent vectors of the worldvolume for a real fermionic parameter η. Therefore, we obtain the conditions that δS vanishes as

v^I ∂_I (W − W̄ ) = u^I ∂_I (W − W̄ ) = 0 ,

v^I ∂_I U = u^I ∂_I U = 0 , (4.27)

where we use V_j = i∂_j U. This condition implies that both Im W and U must be constant on the D-brane worldvolume. This is the same result as the one obtained from the Killing spinor analysis.^6

Let us here comment on the phase of m. The phase of m does not appear in the supergravity solution (2.4).^7 Assuming that m = −m̄, the constraints on both A-type and B-type branes from worldsheet analysis are consistent with the ones from spacetime analysis. For this reason, we claim that m is a pure imaginary number in the worldsheet theory on the supergravity background (2.4).

4.3 (1, 1) supersymmetric background

In this section, we consider the D-branes in (1, 1) supersymmetric background. We first consider the D-branes from the point of view of the worldsheet Landau-Ginzburg theory. Then we compare it to the Killing spinor analysis.

The superfield formalism of the N = (1, 1) Landau-Ginzburg theory is summarised in appendix B.2. The variation of the action (2.11) on the worldsheet with boundary by the supersymmetry transformation can be calculated by using eq. (B.20) as (omitting the

6The discrepancy of “special lagrangian or lagrangian” is still present. 7The absolute value and the sign of m can be absorbed into the hermitean matrix φij̄.

– 14 – irrelevant factor 1/(2πα^′)) δS = ∫ d^2σδL = − 1 2 ∫ ∂Σ dτ [ η_+ ( g_{IJ} ψ^I_−∂_+x^J + ψ^I_+∂_I U(x) ) + + η_− ( −g_{IJ} ψ^I_+∂_−x^J + ψ^I_−∂_I U(x) )] . (4.28)

In order to preserve the N = 1 supersymmetry, say η_+ = η_−, we have to assign the boundary condition to the fields. By assigning η_+ = η_−, we find δS = − 1 2 ∫ ∂Σ dτ η_+ [ g_{IJ} (ψ^I_− − ψ^I_+)∂_0x^J +

+ g_{IJ} (ψ^I_− + ψ^I_+)∂_1x^J + (ψ^I_− + ψ^I_+)∂_I U(x) ] . (4.29)

Therefore the boundary conditions are ψ^I = ψ̄^I for the tangent direction of the brane and ψ^I = −ψ̄^I for the normal direction. Furthermore, U must be constant along the tangent direction ∂_I U = 0.

Next we compare this result with the one from Killing spinor analysis. Here we should note that the Killing spinors of (1, 1) case (2.7) are given by replacing the ones of (2, 2) case (2.5) of φ_j¯_k = 0 with α → −ζ, i∂_j W → ∂_j U and −i∂_{j̄}W̄ → ∂_{j̄}U. For the Dbranes wrapped on complex submanifolds, we can construct supersymmetric D-branes when p = 1, 5, 9 since the condition α = −ζ is compatible only in these cases. By using (3.18), we obtain ζ = a − ia, a + ia, a − ia with real a for p = 1, 5, 9, respectively and

∂_I U = 0 , I : tangent . (4.30)

This condition is the same as the one obtained from the string worldsheet analysis. The D-branes wrapped on special lagrangian submanifolds are also examined and they are supersymmetric if ζ = a + ia for a real parameter a and superpotential U satisfy (4.30). Therefore we conclude that the Killing spinor analysis reproduces the result from the string worldsheet analysis.

5. Conclusion and discussions

In this paper, we have investigated the D-branes in the supersymmetric pp-wave backgrounds constructed in [7]. The corresponding open string worldsheet theories in the lightcone gauge are supposed to be the Landau-Ginzburg theories on the two dimensional worldsheet with boundary. In the D-brane worldvolume analysis, the supersymmetry can be examined by using the kappa symmetry projection. The results are compared to the D-branes in the Landau-Ginzburg models.

For the N = (2, 2) supersymmetric case without holomorphic Killing vector terms and gauge field excitations, we obtain the two types of supersymmetric D-branes. One is called as A-type D-brane, which is wrapped on a special lagrangian submanifold and the other is called as B-type D-brane, which is wrapped on a complex submanifold. Moreover, there are conditions on the superpotential in both cases. We have shown that these results can

– 15 – be reproduced by the analysis of Landau-Ginzburg models [40]. As for an A-type D-brane, we obtain the BPS D-branes with the non-constant imaginary part of the superpotential by including non-trivial gauge fields. The D-branes on the backgrounds with holomorphic Killing vector terms and the N = (1, 1) backgrounds are also studied.

The correspondence between the spacetime Killing spinor analysis and the Landau- Ginzburg model analysis seems work quite well, nevertheless, there is a disagreement. In the D-brane worldvolume analysis, the A-type D-branes should be wrapped on a special lagrangian submanifold, however in the string worldsheet analysis, the A-type D-branes should be wrapped on a lagrangian submanifold. This discrepancy may originate from the fact that the Killing spinor analysis use the spacetime spinors, however, the Landau- Ginzburg models have the worldsheet spinors. In the N = (2, 2) superconformal field theory, there is a spectral flow symmetry and it is believed that it relates the spacetime supersymmetry to the worldsheet one. In the superconformal case like [48, 49], we have to assign the boundary condition also for the spectral flow operator in order to reproduce the spacetime analysis. In our lightcone analysis, there must be much closer relation between the spacetime and worldsheet supersymmetry, thus we cannot use the same analysis. However, it is natural to expect that we resolve this problem if we assign an alternative condition corresponding to the requirement of the superconformal symmetry, which we have not known yet. It is important to investigate this aspect more closely.^8

Although we have used the flat transverse space throughout this paper, we can also treat the curved (Calabi-Yau) transverse space in the same manner. We can take the local frame of the Calabi-Yau space as follows:

ds^2_8 = 2g_{ij̄}e^ie^{j̄} , ω = ig_{ij̄}e^i ∧ e^{j̄} (Kähler form) , Ω = 4e^1 ∧ e^2 ∧ e^3 ∧ e^4 (Holomorphic 4-form) , ∇ϵ = dϵ + ω^{ij̄}Γ_{ij̄}ϵ (Covariant derivative) , ω^i_i = 0 , (5.1)

where g_{ij̄} is the flat Kähler metric defined as (g_{ij̄}) = diag(1, 1, 1, 1), e^i, e^{j̄} are the vielbeins and ω^{ij̄} is the spin connection. In this frame, two covariantly constant spinors in this Calabi-Yau 4-fold can be expressed as |0⟩ and |~0⟩ which satisfy d|0⟩ = d|~0⟩ = 0 and the features in appendix A. We can consider the pp-wave background with this Calabi- Yau 4-fold [7] in this frame. The Killing spinor can be written just the same form as eq. (2.5). All the analyses of section 3 and 4 can be repeated just the same way by replacing dz^i → e^i, dz̄^ī → e^ī. Therefore, the same result is obtained also in the case of curved transverse space.

In order to use the transverse space as Spin(7) or G_2 manifold, we have to use the real coordinates instead of the complex coordinates. In this case, we may find the supersymmetric D-brane wrapped on a Cayley cycle as in [49] and hence it is worthwhile to study it.

8In the U(4) formalism [8] of the covariant gauge, the D-branes correspond to the boundary conditions which preserve superconformal symmetry. This construction of the D-branes may resolve this problem. We would like to thank Nathan Berkovits for the useful comment.

– 16 –

It is also important to extend to the more general setups. The pp-wave with constant 3-forms corresponds to the Penrose limit of AdS_3 × S^3 × T^4 (or K3) [50]–[54] and it was shown that, in the case with non-constant 3 forms, there is no supersymmetry linearly realized on the worldsheet of the lightcone gauge [9]. It is interesting to consider the Dbranes in this background because the condition of consistent D-branes is supposed to be different from ours.

In the Landau-Ginzburg description, we can apply the mirror symmetry to the Dbranes [55, 40]. It is important to see how the mirror symmetry act on the D-brane configurations of the string theories in the covariant gauge.

Acknowledgments

We would like to thank Tohru Eguchi, Isao Kishimoto, Takeo Inami, Kazuhiro Sakai, Yuji Sugawara and Hiromitsu Takayanagi for useful discussions and comments. S.Y. is supported in part by Soryushi Shogakukai.

A. Gamma matrices and useful formulae

We use the convention of Gamma matrices as

{Γ^+, Γ^−} = −2 , {Γ_+, Γ_−} = −2 , {Γ^i, Γ^ī} = 2g^{iī} , {Γ_i, Γ_ī} = 2g_{iī} . (A.1)

We also define

Γ_{+−} := 1 2 (Γ_+Γ_− − Γ_−Γ_+) , Γ_{iī} := 1 2 (Γ_iΓ_ī − Γ_īΓ_i) , (A.2)

and Γ_{m1···mn} in the similar way. Using this notation, we can show

(Γ_{+−})^2 = 1 , Γ_{+−}Γ_− = −Γ_−Γ_{+−} , Γ_{+−}Γ_+ = −Γ_+Γ_{+−} , [Γ_{iī}, Γ^{k̄}] = 2Γ_iδ^{k̄}_ī , [Γ_{iī}, Γ^k] = −2Γ_īδ^k_i , A^iĀ^īA^jĀ^{j̄}Γ_{iī}Γ_{jj̄} = |A|^4 , |A|^2 := A^iĀ^īg_{iī} , (A.3)

where A^i are arbitrary vectors. In order to express the spinors it is convenient to use the fock space formalism. The vacua are given by

Γ_+|0⟩ = Γ^m|0⟩ = Γ_{m̄}|0⟩ = 0 , Γ_+|~0⟩ = Γ^{m̄}|~0⟩ = Γ_m|~0⟩ = 0 , |~0⟩ = 1 4 Γ^{¯1}Γ^{¯2}Γ^{¯3}Γ^{¯4}|0⟩ , (A.4)

and satisfy

Γ_{iī}|0⟩ = −g_{iī}|0⟩ , Γ_{iī}|~0⟩ = +g_{iī}|~0⟩ , Γ_{+−}|0⟩ = −|0⟩ , Γ_{+−}|~0⟩ = −|~0⟩ . (A.5)

– 17 –

B. Supersymmetric Landau-Ginzburg models

B.1 N = (2, 2) case Let (σ^0 = τ, σ^1 = σ) be the coordinates of the two dimensional Minkowski space. It is convenient to use σ^± = 1 2 (τ ± σ) , ∂_± := ∂ ∂σ^± = ∂_τ ± ∂_σ . (B.1)

We introduce the fermionic coordinates (θ^±, θ̄^±), and define the supertranslation generator and supercovariant derivative as

Q_± = ∂ ∂θ^± + iθ̄^±∂_± , Q̄_± = − ∂ ∂θ̄^± − iθ^±∂_± , D_± = ∂ ∂θ^± − iθ̄^±∂_± , D̄_± = − ∂ ∂θ̄^± + iθ^±∂_± . (B.2)

Anti-commutators between these differential operators become

{Q_±, Q̄_±} = −2i∂_± , {D_±, D̄_±} = 2i∂_± , (others) = 0 . (B.3)

We use chiral superfield Φ^i and its complex conjugate Φ̄^ī satisfying

D̄_±Φ^i = 0 , D_±Φ̄^ī = 0 . (B.4)

These chiral superfields are expanded by fermionic coordinates as

Φ^i = z^i + √ 2θ^+ψ^i_+ + √ 2θ^−ψ^i_− + 2θ^+θ^−F^i − iθ^+θ̄^+∂_+z^i − iθ^−θ̄^−∂_−z^i − − i √ 2θ^+θ^−θ̄^−∂_−ψ^i_+ − i √ 2θ^−θ^+θ̄^+∂_+ψ^i_− − θ^+θ^−θ̄^−θ̄^+∂_+∂_−z^i , Φ̄^ī = z̄^ī − √ 2θ̄^+ψ̄^ī_+ − √ 2θ̄^−ψ̄^ī_− + 2θ̄^−θ̄^+F̄^ī + iθ^+θ̄^+∂_+z̄^ī + iθ^−θ̄^−∂_−z̄^ī − − i √ 2θ^−θ̄^−θ̄^+∂_−ψ̄^ī_+ − i √ 2θ^+θ̄^+θ̄^−∂_+ψ̄^ī_− − θ^+θ^−θ̄^−θ̄^+∂_+∂_−z̄^ī . (B.5)

The action we consider is the N = (2, 2) Landau-Ginzburg models (2.8). Integrating fermionic coordinates, the Kähler potential term becomes^9

L_K = ∫ d^4θg_{ij̄}Φ^iΦ̄^{j̄} := 1 4 ∫ dθ^+dθ^−dθ̄^−dθ̄^+g_{ij̄}Φ^iΦ̄^{j̄} = 1 2 g_{ij̄}(∂_+z^i∂_−z̄^{j̄} + ∂_+z̄^{j̄}∂_−z^i + iψ̄^{j̄}_+^↔∂_− ψ^i_+ + iψ̄^{j̄}_−^↔∂_+ ψ^i_−) + g_{ij̄}F^iF̄^{j̄} . (B.6)

The superpotential term can be calculated as

L_W = 1 2 (∫ d^2θW (Φ) + (c.c.) ) := 1 4 ∫ dθ^−dθ^+W (Φ)|¯_θ±_{=0} + (c.c.) = 1 2 ∂_iW (z)F^i + 1 2 ∂_īW̄ (z̄)F̄^ī − 1 2 ∂_i∂_jW (z)ψ^i_+ψ^j_− − 1 2 ∂_ī∂_{j̄}W̄ (z̄)ψ̄^ī_−ψ̄^{j̄}_+ . (B.7)

The holomorphic Killing vector term is given by [56]–[58] L_V = −|m|^2g_{ij̄}V^iV^{j̄} − i 2 (g_{iī}∂_jV^i − g_{jj̄}∂_īV^{j̄})(mψ̄^ī_−ψ^j_+ + m̄ψ̄^ī_+ψ^j_−) , (B.8)

9We concentrate on only the flat target space.

– 18 – where the holomorphic Killing vector V^i satisfies

V_i = iφ_{ij̄}z̄^{j̄} , V_ī = −iφ^∗_{īj} z^j , V^i∂_iW = 0 , ∂_iV^{j̄} = 0 , ∂_{j̄}V^i = 0 , ∂_iV_{j̄} = −∂_{j̄}V_i = (constant) . (B.9)

By using the equation of motion, we can set F^i as

F^i = − 1 2 g^{iī}∂_īW̄ (z̄) , (B.10)

and we obtain the total lagrangian

L = L_K + L_W + L_V = 1 2 g_{ij̄}(∂_+z^i∂_−z̄^{j̄} + ∂_+z̄^{j̄}∂_−z^i + iψ̄^{j̄}_+^↔∂_− ψ^i_+ + iψ̄^{j̄}_−^↔∂_+ ψ^i_−) − − 1 2 ∂_i∂_j W (z)ψ^i_+ψ^j_− − 1 2 ∂_ī∂_{j̄}W̄ (z̄)ψ̄^ī_−ψ̄^{j̄}_+ − 1 4 g^{ij̄}∂_iW (z)∂_{j̄}W̄ (z̄) − − |m|^2g_{ij̄}V^iV^{j̄} − i 2 (g_{iī}∂_j V^i − g_{jj̄}∂_īV^{j̄})(mψ̄^ī_−ψ^j_+ + m̄ψ̄^ī_+ψ^j_−) . (B.11)

The supersymmetry transformation on this action can be described by using the two complex fermionic parameter η_+, η_− as

δz^i = η_+ψ^i_− − η_−ψ^i_+ , δz̄^ī = −η̄_+ψ̄^ī_− + η̄_−ψ̄^ī_+ , δψ^i_+ = iη̄_−∂_+z^i − 1 2 η_+g^{ij̄}∂_{j̄}W̄ − iη̄_+m̄V^i , δψ̄^ī_+ = −iη_−∂_+z̄^ī − 1 2 η̄_+g^{īj} ∂_jW + iη_+mV^ī , δψ^i_− = −iη̄_+∂_−z^i − 1 2 η_−g^{ij̄}∂_{j̄}W̄ + iη̄_−mV^i , δψ̄^ī_− = iη_+∂_−z̄^ī − 1 2 η̄_−g^{īj} ∂_j W − iη_−m̄V^ī . (B.12) The variation of the lagrangian becomes δL = 1 2 g_{ij̄} [ η_+∂_−(∂_+z̄^{j̄}ψ^i_−) − η_−∂_+(∂_−z̄^{j̄}ψ^i_+) − η̄_+∂_−(∂_+z^iψ̄^{j̄}_−) + η̄_−∂_+(∂_−z^iψ̄^{j̄}_+) ] − − i 4 [ η_+∂_−(∂_īW̄ ψ̄^ī_+) + η_−∂_+(∂_īW̄ ψ̄^ī_−) + η̄_+∂_−(∂_iW ψ^i_+) + η̄_−∂_+(∂_iW ψ^i_−) ] − − 1 2 [ η_+m∂_−(V_iψ^i_+) − η_−m̄∂_+(V_iψ^i_−) − η̄_+m̄∂_−(V_{j̄}ψ̄^{j̄}_+) + η̄_−m∂_+(V_{j̄}ψ̄^{j̄}_−) ] . (B.13)

This is a total derivative form and hence there is N = (2, 2) supersymmetry if there is no boundary.

B.2 N = (1, 1) case

Let us introduce the two pure imaginary fermionic coordinates (θ^+, θ^−), then the supertranslation generator and supercovariant derivative can be defined as

Q_± = ∂ ∂θ^± − iθ^±∂_± , D_± = ∂ ∂θ^± + iθ^±∂_± . (B.14)

A real superfield Φ^I can be expanded as

Φ^I = x^I + θ^+ψ^I_+ + θ^−ψ^I_− + θ^+θ^−F^I . (B.15)

– 19 –

The lagrangian of N = (1, 1) Landau-Ginzburg models can be written as (2.11) L = ∫ d^2θ [ 1 2 g_{IJ} D_+Φ^I D_−Φ^J + iU(Φ) ]

= 1 2 g_{IJ} [ ∂_+x^I ∂_−x^J + iψ^I_+∂_−ψ^J_+ + iψ^I_−∂_+ψ^J_− − F^I F^J ] − − i∂_I U(x)F^I + i∂_I ∂_J U(x)ψ^I_+ψ^J_− . (B.16)

Eliminating F^I by F^I = −i∂^I U(x) , (B.17)

we obtain L = 1 2 g_{IJ} [ ∂_+x^I ∂_−x^J + iψ^I_+∂_−ψ^J_+ + iψ^I_−∂_+ψ^J_− ] + + i∂_I ∂_J U(x)ψ^I_+ψ^J_− − 1 2 ∂_I U(x)∂^I U(x) . (B.18)

The supersymmetry transformation is expressed with two real parameters η_± as

δx^I = η_+ψ^I_− + η_−ψ^I_+ , δψ^I_+ = iη_−∂_+x^I − iη_+∂^I U(x) , δψ^I_− = iη_+∂_−x^I + iη_−∂^I U(x) . (B.19)

The variation of lagrangian can be written as δL = 1 2 η_+∂_− ( g_{IJ} ψ^I_−∂_+x^J + ψ^I_+∂_I U(x) ) + 1 2 η_−∂_+ ( g_{IJ} ψ^I_+∂_−x^J − ψ^I_−∂_I U(x) ) . (B.20)

This is the total derivative form and hence there is N = (1, 1) supersymmetry if there is no boundary on worldsheet.

References

[1] M. Blau, J. Figueroa-O’Farrill, C. Hull and G. Papadopoulos, A new maximally supersymmetric background of IIB superstring theory, J. High Energy Phys. 01 (2002) 047 [hep-th/0110242].

[2] M. Blau, J. Figueroa-O’Farrill, C. Hull and G. Papadopoulos, Penrose limits and maximal supersymmetry, Class. and Quant. Grav. 19 (2002) L87 [hep-th/0201081].

[3] M. Blau, J. Figueroa-O’Farrill and G. Papadopoulos, Penrose limits, supergravity and brane dynamics, Class. and Quant. Grav. 19 (2002) 4753 [hep-th/0202111].

[4] R.R. Metsaev, Type IIB Green-Schwarz superstring in plane wave Ramond-Ramond background, Nucl. Phys. B 625 (2002) 70 [hep-th/0112044].

[5] R.R. Metsaev and A.A. Tseytlin, Exactly solvable model of superstring in plane wave Ramond-Ramond background, Phys. Rev. D 65 (2002) 126004 [hep-th/0202109].

[6] D. Berenstein, J.M. Maldacena and H. Nastase, Strings in flat space and PP waves from N = 4 super Yang-Mills, J. High Energy Phys. 04 (2002) 013 [hep-th/0202021].

– 20 –

[7] J. Maldacena and L. Maoz, Strings on PP-waves and massive two dimensional field theories, J. High Energy Phys. 12 (2002) 046 [hep-th/0207284].

[8] N. Berkovits and J. Maldacena, N = 2 superconformal description of superstring in Ramond-Ramond plane wave backgrounds, J. High Energy Phys. 10 (2002) 059 [hep-th/0208092].

[9] J.G. Russo and A.A. Tseytlin, A class of exact PP-wave string models with interacting light-cone gauge actions, J. High Energy Phys. 09 (2002) 035 [hep-th/0208114].

[10] G. Bonelli, Matrix string models for exact (2,2) string theories in RR backgrounds, Nucl.

Phys. B 649 (2003) 130 [hep-th/0209225].

[11] N. Berkovits, N = 2 sigma models for Ramond-Ramond backgrounds, J. High Energy Phys.

10 (2002) 071 [hep-th/0210078].

[12] A. Karch and L. Randall, Open and closed string interpretation of SUSY CFT’s on branes with boundaries, J. High Energy Phys. 06 (2001) 063 [hep-th/0105132].

[13] O. DeWolfe, D.Z. Freedman and H. Ooguri, Holography and defect conformal field theories, Phys. Rev. D 66 (2002) 025009 [hep-th/0111135].

[14] C. Bachas, J. de Boer, R. Dijkgraaf and H. Ooguri, Permeable conformal walls and holography, J. High Energy Phys. 06 (2002) 027 [hep-th/0111210].

[15] J. Erdmenger, Z. Guralnik and I. Kirsch, Four-dimensional superconformal theories with interacting boundaries or defects, Phys. Rev. D 66 (2002) 025020 [hep-th/0203020].

[16] D. Mateos, S. Ng and P.K. Townsend, Supersymmetric defect expansion in CFT from AdS supertubes, J. High Energy Phys. 07 (2002) 048 [hep-th/0207136].

[17] S. Yamaguchi, Holographic RG flow on the defect and g-theorem, J. High Energy Phys. 10 (2002) 002 [hep-th/0207171].

[18] M. Billó and I. Pesando, Boundary states for GS superstrings in an HPP wave background, Phys. Lett. B 536 (2002) 121 [hep-th/0203028].

[19] A. Dabholkar and S. Parvizi, Dp-branes in PP-wave background, Nucl. Phys. B 641 (2002) 223 [hep-th/0203231].

[20] D. Berenstein, E. Gava, J.M. Maldacena, K.S. Narain and H. Nastase, Open strings on plane waves and their Yang-Mills duals, hep-th/0203249.

[21] C.-S. Chu and P.-M. Ho, Noncommutative D-brane and open string in PP-wave background with B-field, Nucl. Phys. B 636 (2002) 141 [hep-th/0203186].

[22] P. Lee and J.-w. Park, Open strings in PP-wave background from defect conformal field theory, Phys. Rev. D 67 (2003) 026002 [hep-th/0203257].

[23] A. Kumar, R.R. Nayak and Sanjay, D-brane solutions in PP-wave background, Phys. Lett. B 541 (2002) 183 [hep-th/0204025].

[24] K. Skenderis and M. Taylor, Branes in AdS and PP-wave spacetimes, J. High Energy Phys.

06 (2002) 025 [hep-th/0204054].

[25] V. Balasubramanian, M.-x. Huang, T.S. Levi and A. Naqvi, Open strings from N = 4 super Yang-Mills, J. High Energy Phys. 08 (2002) 037 [hep-th/0204196].

– 21 –

[26] H. Takayanagi and T. Takayanagi, Open strings in exactly solvable model of curved space-time and PP-wave limit, J. High Energy Phys. 05 (2002) 012 [hep-th/0204234].

[27] P. Bain, P. Meessen and M. Zamaklar, Supergravity solutions for D-branes in HPP-wave backgrounds, hep-th/0205106.

[28] M. Alishahiha and A. Kumar, D-brane solutions from new isometries of PP-waves, Phys.

Lett. B 542 (2002) 130 [hep-th/0205134].

[29] O. Bergman, M.R. Gaberdiel and M.B. Green, D-brane interactions in type-IIB plane-wave background, hep-th/0205183.

[30] S. Seki, D5-brane in anti-de Sitter space and Penrose limit, Phys. Lett. B 542 (2002) 162 [hep-th/0205266].

[31] D. Mateos and S. Ng, Penrose limits of the baryonic D5-brane, J. High Energy Phys. 08 (2002) 005 [hep-th/0205291].

[32] S.S. Pal, Solution to worldvolume action of D3-brane in PP-wave background, Mod. Phys.

Lett. A 17 (2002) 1735 [hep-th/0205303].

[33] S.G. Naculich, H.J. Schnitzer and N. Wyllard, PP-wave limits and orientifolds,

hep-th/0206094.

[34] Y. Michishita, D-branes in NS-NS and RR PP-wave backgrounds and S-duality, J. High Energy Phys. 10 (2002) 048 [hep-th/0206131].

[35] P. Bain, K. Peeters and M. Zamaklar, D-branes in a plane wave from covariant open strings,

hep-th/0208038.

[36] M. Alishahiha, M.A. Ganjali, A. Ghodsi and S. Parvizi, On type-IIA string theory on the PP-wave background, hep-th/0207037.

[37] A. Biswas, A. Kumar and K.L. Panigrahi, p-p’ branes in PP-wave background, Phys. Rev. D 66 (2002) 126002 [hep-th/0208042].

[38] H. Takayanagi and T. Takayanagi, Notes on giant gravitons on PP-waves, J. High Energy Phys. 12 (2002) 018 [hep-th/0209160].

[39] R.R. Nayak, D-branes at angle in PP-wave background, hep-th/0210230.

[40] K. Hori, A. Iqbal and C. Vafa, D-branes and mirror symmetry, hep-th/0005247.

[41] M. Cederwall, A. von Gussich, B.E.W. Nilsson and A. Westerberg, The Dirichlet super-three-brane in ten-dimensional type-IIB supergravity, Nucl. Phys. B 490 (1997) 163 [hep-th/9610148].

[42] M. Aganagic, C. Popescu and J.H. Schwarz, D-brane actions with local kappa symmetry, Phys. Lett. B 393 (1997) 311 [hep-th/9610249].

[43] M. Cederwall, A. von Gussich, B.E.W. Nilsson, P. Sundell and A. Westerberg, The Dirichlet super-p-branes in ten-dimensional type-IIA and IIB supergravity, Nucl. Phys. B 490 (1997) 179 [hep-th/9611159].

[44] E. Bergshoeff and P.K. Townsend, Super D-branes, Nucl. Phys. B 490 (1997) 145 [hep-th/9611173].

[45] M. Aganagic, C. Popescu and J.H. Schwarz, Gauge-invariant and gauge-fixed D-brane actions, Nucl. Phys. B 495 (1997) 99 [hep-th/9612080].

– 22 –

[46] E. Bergshoeff, R. Kallosh, T. Ortin and G. Papadopoulos, Kappa-symmetry, supersymmetry and intersecting branes, Nucl. Phys. B 502 (1997) 149 [hep-th/9705040].

[47] U. Lindström and M. Zabzine, N = 2 boundary conditions for non-linear sigma models and Landau-Ginzburg models, hep-th/0209098.

[48] H. Ooguri, Y. Oz and Z. Yin, D-branes on Calabi-Yau spaces and their mirrors, Nucl. Phys.

B 477 (1996) 407 [hep-th/9606112].

[49] K. Becker, M. Becker, D. R. Morrison, H. Ooguri, Y. Oz and Z. Yin, Supersymmetric cycles in exceptional holonomy manifolds and Calabi-Yau 4-folds, Nucl. Phys. B 480 (1996) 225 [hep-th/9608116].

[50] Y. Hikida and Y. Sugawara, Superstrings on PP-wave backgrounds and symmetric orbifolds, J. High Energy Phys. 06 (2002) 037 [hep-th/0205200].

[51] O. Lunin and S.D. Mathur, Rotating deformations of AdS_3 × S^3, the orbifold CFT and strings in the PP-wave limit, Nucl. Phys. B 642 (2002) 91 [hep-th/0206107].

[52] J. Gomis, L. Motl and A. Strominger, PP-wave/CFT_2 duality, J. High Energy Phys. 11 (2002) 016 [hep-th/0206166].

[53] Y. Hikida and Y. Sugawara, Superstring vacua of 4-dimensional PP-waves with enhanced supersymmetry, J. High Energy Phys. 10 (2002) 067 [hep-th/0207124].

[54] E. Gava and K.S. Narain, Proving the PP-wave/CFT_2 duality, J. High Energy Phys. 12 (2002) 023 [hep-th/0208081].

[55] K. Hori and C. Vafa, Mirror symmetry, hep-th/0002222.

[56] J. Bagger and E. Witten, The gauge invariant supersymmetric nonlinear sigma model, Phys.

Lett. B 118 (1982) 103.

[57] L. Alvarez-Gaumé and D.Z. Freedman, Potentials for the supersymmetric nonlinear sigma model, Commun. Math. Phys. 91 (1983) 87.

[58] S.J. Gates Jr., Superspace formulation of new nonlinear sigma models, Nucl. Phys. B 238 (1984) 349.

– 23 –